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1. Introduction
Over the past 25+ years, potential models have proven 
valuable in analyzing the spectra and characteristics of 
heavy quarkonium systems. Motivation for revisiting the 
potential model interpretation of the cc and bb systems is 
provided by recent experimental results:

• The discovery of several expected states in the 
charmonium spectrum (η’C and hC);
• The discovery of a state [X(3872)], which could be a 
3D2 charmonium level;
• The discovery of the 13D2 state of the upsilon system;
• The discovery of a bc state (Bc );
• The determination of various decay widths (e+e-, E1);
• Etc.
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For potential models, the questions with regard to the 
charmonium and upsilon systems seem to be:
• Can potential models describe the spin splittings in a 
quantitatively satisfactory way?
• All potential models contain a phenomenological confining 
potential. What are its Lorentz properties?
• How well are the leptonic and radiative decays predicted?
• Can the newly discovered states [i.e., X(3872), X(3943)] 
be interpreted as fitting into quarkonium spectra?
Here, we will attempt to answer these questions using a 
potential model which includes the v2/c2 and all one-loop 
corrections to the short distance potential supplemented 
with a linear phenomenological confining potential and its  
v2/c2 corrections. 
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2. Overview of potential model approaches.

Early spin-independent models (Eichten, et al., 1974) 
were able to explain the nature of the J/Ψ (cc) and its 
spin averaged spectrum. Inclusion of the Lorentz 
correction spin effects to this potential (Pumplin, WWR, 
Sato; Schnitzer, 1975) led to the prediction of a much 
richer spectral picture. Finally, by implementing a model 
which included the full one-loop QCD potential, we were 
able to adequately model the charmonium system and to 
predict the spectrum of the upsilon system with 
remarkable accuracy (Gupta, SFR, WWR, 1982). Other 
phenomenologically motivated potential models have 
been effectively employed, particularly for the 
prediction of decay widths of various states. 
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The known charmonium spectrum is shown below
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The known and expected bb spectrum is shown here
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M(ϒ(3D2)) = 10161.1±0.6±1.6 MeV (CLEO 2003)

From Gupta, Radford, Repko, 1982
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Predictions for spin averaged levels can be obtained 
from a simple Hamiltonian of the form
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where the most notable choice for V(r) is the 
Cornell potential 

4( ) .
3

SV r Ar
r

α
= −

The use of this simple potential, with the inclusion 
of continuum effects, has been remarkably 
successful in efforts to identify charmonium 
states which could be accessible to experiment. 
(Eichten, Lane and Quigg)
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Spin effects can be included to order v2/c2 in a 
straightforward way (Pumplin, WWR & Sato, Schnitzer) 
to obtain a Hamiltonian of the form
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where VSI consists of spin-independent terms including 
the kinetic energy correction. For scalar + vector 
confinement, the confining potential is

where fV is the fraction of vector confinement and
(1 )L V S V LV f V f V= − +
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To proceed beyond this level requires the inclusion of 
the one loop QCD corrections to the short distance 
potential (Gupta & SFR, 1981; Gupta, SFR & WWR). 
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To obtain the eigenvalues and wavefunctions for 
these complicated potentials it is convenient to use a 
variational approach. Specifically, we use trial wave 
functions of the form

( ) 1 ( / )

1
( ) / ( ),j j

N
nm mr R

j n j
n

r C r R e
β

ψ + − −
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with β =1,2. The coefficients Cn are determined by 
the variational technique of minimizing

| |
|

H
E

ψ ψ
ψ ψ

=

with respect to the Cn’s. This results in a linear 
eigenvalue equation and is equivalent to solving the 
Schrödinger equation. 
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The resulting radial wave functions are orthogonal and 
the eigenvalues λn are upper bounds on the true 
energies En for every n, i.e. En ≤ λn , n = 1,…, N. In 
practice, for N ≥ 10, the lowest 3-4 eigenvalues are 
stable. This can be seen in a comparison with 
charmonium results for the Cornell potential,
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3. Results for a semi-relativistic model.

In what follows, we have included the kinetic energy 
corrections by using a Hamiltonian of the form
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VL contains the scalar and vector order v2/c2 

corrections to Ar and VS includes all v2/c2 and one-loop 
QCD corrections to the short distance potential. Two 
versions of the model are examined

• VL+VS treated as a perturbation

• All terms treated nonperturbatively
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Charmonium and Upsilon Parameters and 
Leptonic Widths
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3a. Results for charmonium
In both cases for charmonium, all n = 1, 2 and 3 S, P, and D levels 
were calculated. The potential parameters and the quark mass 
were determined by fitting the 11S0, 13S1, 13PJ, 21S0, 23S1, 13D1, 
33S1, and 23D1 levels to the data. The results are:
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The resulting M1 and E1 widths are
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3a. Results for bb
Again, for both upsilon cases, all n = 1, 2 and 3 S, P, and D 
levels were calculated. The potential parameters and the 
quark mass were determined by fitting the 13S1, 13PJ, 13D1, 
23S1, 23PJ, and 33S1 levels to the data. Recalling the 
parameters:

The energy level results are:
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Upsilon system energy levels
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Upsilon system E1 widths
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4. Conclusions and Outlook
• The semi-relativistic model provides a quantitatively 
good description of the charmonium and upsilon spectra. 
Only the 3D1(3770) charmonium state is poorly described, 
probably because S-D mixing is not included. 
• The Lorentz structure of the confining potential is 
interesting. In both cases (cc and bb) the perturbative 
treatment of the spin-dependent interactions always 
favors a pure scalar confining potential, while treating 
the spin terms non-perturbatively favors a scalar-vector 
mixture ~18% vector for cc, ~10% vector for bb. 
•The calculated E1 decays compare favorably with 
experiment. Transitions between J/ψ,χ and ψ’ appear to 
be dominated by spin rather than open channel effects.
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• Based on the model considered here, the X(3872) cannot 
be explained solely in terms of a charmonium 3D2 state 
described by a potential. Spin effects alone can only 
separate the 3D2 from the 3D1 by 40 MeV or so, which 
suggests that the inclusion of open channel effects is 
essential if this identification is to be established. 

• The X(3943) is compatible with a 2P charmonium state.

• For reasons that are not completely clear, the bb 
system seems to be better described with the 
perturbative treatment.

• The potential for unequal mass systems has also been 
calculated and can be used to investigate the DS , BS , and 
BC mesons (Gupta, SR & WWR, 1981, 1985).
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